Introduction {#Sec1}
============

The definitions of t-operators and nullnorms on the unit interval were introduced by Mas et al. \[[@CR20]\] and Calvo et al. \[[@CR4]\], respectively. In \[[@CR21]\], it was shown that nullnorms coincide with t-operators on the unit interval \[0, 1\] since both of them have identical block structures on $\documentclass[12pt]{minimal}
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                \begin{document}$$[0,1]^{2}$$\end{document}$. As a generalization of t-norms and t-conorms on the unit interval, nullnorms have a zero element *s* derived from the whole domain, regardless of whether t-norms and t-conorms have zero elements 0 and 1, respectively. In particular, a nullnorm is a t-norm if $\documentclass[12pt]{minimal}
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                \begin{document}$$s=1$$\end{document}$. These operators are effective in various fields of applications, such as expert systems, fuzzy decision making and fuzzy system modeling. They are interesting also from theoretical point of view. For more studies about t-norms, t-conorms, nullnorms and related operators on the unit interval, it can be referred to \[[@CR5], [@CR10], [@CR14], [@CR17], [@CR19], [@CR22]--[@CR24], [@CR26], [@CR27], [@CR29]\].

In recent years, the study of nullnorms on bounded lattices was initiated by Karaçal et al. \[[@CR18]\]. They demonstrated the presence of nullnorms with a zero element on the basis of a t-norm and a t-conorm on a bounded lattice. Notice that the families of nullnorms obtained in \[[@CR18]\] are not idempotent, in general. For this reason, Çaylı and Karaçal \[[@CR6]\] introduced a method showing the presence idempotent nullnorms on bounded lattices such that there is only one element incomparable with the zero element. Moreover, they proposed that there does not need to exist an idempotent nullnorm on a bounded lattice. After then, Wang et al. \[[@CR28]\] and Çaylı \[[@CR7]\] presented some methods for constructing idempotent nullnorms on a bounded lattice with some additional conditions on theirs zero element. Their methods can be viewed as a generalization of the proposed method in \[[@CR6]\]. On the contrary to the approaches in \[[@CR6], [@CR7], [@CR28]\] based on the only infimum t-norm on $\documentclass[12pt]{minimal}
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                \begin{document}$$\left[ s,1\right] ^{2}$$\end{document}$ and supremum t-conorm on $\documentclass[12pt]{minimal}
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                \begin{document}$$\left[ 0,s\right] ^{2}$$\end{document}$, in \[[@CR8], [@CR9]\] by using an arbitrary t-norm on $\documentclass[12pt]{minimal}
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                \begin{document}$$\left[ s,1\right] ^{2} $$\end{document}$ and an arbitrary t-conorm on $\documentclass[12pt]{minimal}
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                \begin{document}$$\left[ 0,s\right] ^{2},$$\end{document}$ it was described some construction methods for nullnorms on a bounded lattice *L* having a zero element *s* with some constraints.

In general topology, by considering a nonempty set *A* and the set $\documentclass[12pt]{minimal}
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                \begin{document}$$\wp \left( A\right) $$\end{document}$ of all subsets of *A*,  the closure operator (resp. interior operator) on $\documentclass[12pt]{minimal}
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                \begin{document}$$\wp \left( A\right) $$\end{document}$ is defined as an expansive, isotone and idempotent map $\documentclass[12pt]{minimal}
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                \begin{document}$$cl:\wp \left( A\right) \rightarrow \wp \left( A\right) $$\end{document}$ (resp. a contractive, isotone and idempotent map $\documentclass[12pt]{minimal}
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                \begin{document}$$int:\wp \left( A\right) \rightarrow \wp \left( A\right) $$\end{document}$). Both of these operators can be used for constructing topologies on *A* in general topology \[[@CR15]\]. More precisely, a one-to-one correspondence from the set of all topologies on *A* to the set of all closure (interior) operators on $\documentclass[12pt]{minimal}
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                \begin{document}$$\wp \left( A\right) $$\end{document}$. That is, any topology on a nonempty set can induce the closure (interior) operator on its underlying powerset. It should be pointed out that closure and interior operators can be defined on a lattice $\documentclass[12pt]{minimal}
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                \begin{document}$$(\wp \left( A\right) ,\subseteq )$$\end{document}$ of all subsets of a set *A* with set union as the join and set intersection as the meet. Hence, Everett \[[@CR16]\] extended the closure operator (resp. interior operator) on $\documentclass[12pt]{minimal}
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                \begin{document}$$\wp \left( A\right) $$\end{document}$ to a general lattice *L* where the condition $\documentclass[12pt]{minimal}
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                \begin{document}$$int\left( A\right) =A$$\end{document}$) is omitted.

The main aim of this paper is to present some methods for yielding new families of nullnorms with a zero element by means of closure operators and interior operators on a bounded lattice. The remainder of this paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we recall some preliminary details about bounded lattices and nullnorms, interior and closure operators on them. In Sect. [3](#Sec3){ref-type="sec"}, considering a bounded lattice *L*,  we propose two new methods for generating nullnorms with a zero element based on the presence of closure operators $\documentclass[12pt]{minimal}
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                \begin{document}$$int:L\rightarrow L$$\end{document}$. We note that our constructions are a generalization of the constructions in \[[@CR28]\]. We also provide some corresponding examples showing that our constructions actually create new types of nullnorms on bounded lattices different from those in \[[@CR28]\]. It should be pointed out that our methods need some sufficient and necessary conditions to generate a nullnorm on a bounded lattice. As a by product, two classes of idempotent nullnorms on bounded lattices are obtained when taking the closure operator $\documentclass[12pt]{minimal}
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                \begin{document}$$x\in L.$$\end{document}$ Furthermore, we exemplify that we cannot force new nullnorms to coincide with another predefined t-conorm $\documentclass[12pt]{minimal}
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                \begin{document}$$\left[ s,1\right] ^{2}$$\end{document}$ apart from the t-conorm $\documentclass[12pt]{minimal}
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                \begin{document}$$S_{\vee }:\left[ 0,s\right] ^{2}\rightarrow \left[ 0,s\right] $$\end{document}$ defined by $\documentclass[12pt]{minimal}
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                \begin{document}$$T_{\wedge }\left( x,y\right) =x\wedge y.$$\end{document}$ Finally, some concluding remarks are added.

Preliminaries {#Sec2}
=============

In this part, some basic results about bounded lattices and nullnorms, closure and interior operators on them are recalled.

A lattice *L* is a nonempty set with the partial order $\documentclass[12pt]{minimal}
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                \begin{document}$$x,y\in L$$\end{document}$ have a smallest upper bound (called join or supremum), denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$x\vee y$$\end{document}$ and a greatest lower bound (called meet or infimum), denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$a,b\in L$$\end{document}$, we use the notation $\documentclass[12pt]{minimal}
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Definition 1 {#FPar1}
------------

**(**\[[@CR6]--[@CR9], [@CR18]\]**).** Let *L* be a bounded lattice. A binary operation *F* :  $\documentclass[12pt]{minimal}
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Proposition 1 {#FPar2}
-------------

**(**\[[@CR13], [@CR18]\]**).** Let *L* be a bounded lattice and *F* be a nullnorm on *L* with the zero element $\documentclass[12pt]{minimal}
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Proposition 2 {#FPar3}
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Definition 2 {#FPar4}
------------
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Definition 3 {#FPar5}
------------
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Construction Methods for Nullnorms {#Sec3}
==================================

In this section, considering a bounded lattice *L*,  we introduce two methods to construct the classes of nullnorms $\documentclass[12pt]{minimal}
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-----
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Remark 1 {#FPar12}
--------
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Theorem 3 {#FPar14}
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Proof {#FPar16}
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Taking into consideration Theorems [3](#FPar14){ref-type="sec"} and [4](#FPar15){ref-type="sec"}, if we choose the interior operator $\documentclass[12pt]{minimal}
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-----------
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Remark 2 {#FPar20}
--------
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